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One-nucleon transfer reactions, in particular (d,p) reactions, have played a central role in nuclear
structure studies for many decades. Present theoretical descriptions of the underlying reaction
mechanisms are insufficient for addressing the challenges and opportunities that are opening up
with new radioactive beam facilities. We investigate a theoretical approach that was proposed
recently to address shortcomings in the description of transfers to resonance states. The method
builds on ideas from the very successful R-matrix theory; in particular it uses a similar separation
of the parameter space into interior and exterior regions, and introduces a parameterization that
can be related to physical observables, which, in principle, makes it possible to extract meaningful
spectroscopic information from experiments. We carry out calculations, for a selection of isotopes
and energies, to test the usefulness of the new approach. The distorted-wave Born approximation
(DWBA) is employed and the generalization to include deuteron breakup is considered.

I. INTRODUCTION

Deuteron-induced reactions, in particular (d,p) one-
neutron transfer reactions, have been used for decades
to investigate the structure of nuclei. These reactions,
carried out in inverse kinematics, are expected to play
a central role in the study of weakly-bound systems at
modern radioactive beam facilities [1]. While the theoret-
ical framework and its computational implementation for
describing (d,p) reactions have seen much progress over
the decades, open questions remain and need to be ad-
dressed. Resonances, for example, occur in all nuclei, and
are of special interest in the low-energy spectra of weakly-
bound nuclei. Their properties, in particular their en-
ergies and widths, are of great interest to nuclear as-
trophysics, as many reaction that occur in astrophysical
environments proceed through resonances. Furthermore,
resonances provide both challenges and stringent tests for
nuclear structure models, as predicting their properties
involves a proper treatment of the nuclear many-body
system including the continuum [2].

Current theoretical descriptions of transfer reactions
that populate resonance states suffer from two major
shortcomings. On the practical side, one has to deal with
numerical convergence issues, as the matrix element that
describes the transition to the final state includes con-
tributions from very large distances outside the nucleus.
Conceptually, it is also not clear what spectroscopic in-
formation can be extracted from a transfer to a reso-
nance. A clear connection between experimental transfer
observables and typical resonance parameters remains to
be established.

Recently, a new formalism that utilizes concepts known
from the successful and popular R-matrix theory was

proposed for the description of deuteron-induced reac-
tions [3]. R-matrix theory is a standard tool for extract-
ing resonance properties such as energies and widths from
nucleon capture and scattering experiments [4, 5], and
the new approach establishes a similar link between res-
onance properties and transfer reactions. The formalism
covers transfers to bound and resonance states, and is
general enough to include deuteron breakup.

A central tenet of the formalism proposed in Ref. [3]
is the recasting of the reaction amplitude, a volume in-
tegral, in terms of a surface integral plus (presumably
small) remnant terms that contain contributions from
the interior and exterior of the final nucleus. Interior
and exterior are defined with respect to the distance be-
tween the transferred nucleon and the target nucleus.
The surface-integral formalism, as we will refer to it here,
holds the potential to overcome present difficulties in
describing transfers to resonance states and to become
a practical method for extracting structure information
from transfer experiments, since: 1) it reduces the de-
pendence of the cross section calculations on the model
used for the nuclear interior; 2) it avoids the convergence
problems that affect traditional calculations of transfers
to resonances; and 3) it establishes a useful link between
resonance properties and transfer observables, since the
cross section obtained from the surface integral can be pa-
rameterized in terms of quantities that are familiar from
traditional R-matrix approaches.

It is the purpose of this paper to test the formalism
proposed in Ref. [3]. In particular, we study the role
of interior and exterior contributions to the cross sec-
tions, for both post and prior formulations of the trans-
fer amplitudes. This allows us to draw some conclusions
about the sensitivity of the post and prior expressions
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to model assumptions made about the nuclear interior.
We then investigate the relative contributions from the
surface term and the residual interior and exterior terms
to the transfer cross section and the dependence of these
contributions on the chosen radius a at which the sur-
face integral is evaluated. This is done in order to as-
sess to which extent the surface term captures the es-
sentials of the reaction and reproduces the full cross sec-
tion. The calculations are carried out in the framework
of the DWBA formalism. The implications for general-
izing the study to the Continuum-Discretized Coupled-
Channels (CDCC) formalism [6], which incorporates ef-
fects of deuteron breakup in the reaction, are considered.

In the next section, Section II, we briefly summarize
the formalism developed in Ref. [3], in particular the in-
troduction of ‘exterior’ and ‘interior’ contributions to the
transfer matrix element and the emergence of a surface
term. In Section III, we investigate the contributions
of the interior, surface, and exterior terms to the trans-
fer cross sections. We focus on DWBA calculations and
formulate expectations for a CDCC generalization. Our
findings are summarized in Section IV.

II. REVIEW OF THE FORMALISM

In the R-matrix approach for a binary reaction [4, 5],
the configuration space is separated into two regions: an
exterior region, in which the reaction partners are well-
separated and interact only via the Coulomb interaction
(for charged particles), and an interior region, where a
confined compound system exists that is governed by nu-
clear and Coulomb forces. Formally, the nuclear wave
function in the interior is expanded in some suitable set
of basis functions, while in the exterior, it takes the form
of a scattering wave function, and matching conditions
are imposed at the surface. In typical applications, the
parameters (resonance energies and width parameters)
are adjusted to reproduce measured cross sections. This
approach makes it possible to parameterize the collision
matrix, and thus the calculated cross section, in terms
of a few formal R-matrix parameters, which can then
be related to observed quantities. R-matrix theory [4]
is typically employed in the description of binary reac-
tions, such as elastic or inelastic scattering, or capture
reactions, but the underlying ideas can be applied more
generally.

For reactions of the type A(d,p)F , where A denotes the
target and F the residual nucleus, Mukhamedzhanov [3]
introduced an analogous separation of the model space
into interior and exterior regions. The separation into
the different regions is based on the distance rnA of
the deposited neutron from the center of the target nu-
cleus. The standard distorted-wave Born Approximation
(DWBA) transition matrix element can be written in

post or prior form [7]:

M (post) =
〈
ϕFχ

(−)
pF |∆VpF |ϕdϕAχ

(+)
dA

〉
=

〈
IFAχ

(−)
pF |∆VpF |ϕdχ

(+)
dA

〉
(1)

M (prior) =
〈
ϕFχ

(−)
pF |∆VdA|ϕdϕAχ

(+)
dA

〉
=

〈
IFAχ

(−)
pF |∆VdA|ϕdχ

(+)
dA

〉
(2)

where ϕA and ϕF denote the wave functions of the ini-
tial (A) and final (F = A + n) nuclei, respectively, and
IFA (rnA) = 〈ϕA|ϕF 〉 is the associated overlap function,
which depends on the coordinate of interest, rnA. In
applications, this is typically approximated by a single-
particle wave function obtained from a potential-model
calculation [8, 9]. The distorted waves in the entrance
and exit channels are given by χdA and χpF , respectively,
and ϕd is the deuteron wave function.

Post and prior forms require different transition oper-
ators

∆VpF = Vpn + VpA − UpF , (post) (3)

∆VdA = VnA + VpA − UdA, (prior) (4)

respectively. In the post form, ∆VpF contains the inter-
action between the proton and the target nucleus (VpA),
the proton-neutron interaction (Vpn), and the optical po-
tential for the exit channel (UpF ), while in the prior form,
∆VdA contains the interaction between the neutron and
the target (VnA), the proton and the target (VpA), and
the optical potential in the entrance channel (UdA). The
interactions include both nuclear and Coulomb terms. In
the distorted-wave approach, post and prior formulations
give identical matrix elements, provided the interactions
and wave functions are chosen consistently [7]. This im-
plies, e.g., that the deuteron wave function ϕd has to be
an eigenfunction of the potential Vpn (prior form), and
that the overlap function IFA has to be an eigenfunction
of VnA (post form). Similarly, UdA and UpF have to be
consistent with the distorted waves χdA and χpF , respec-
tively.

While post and prior forms are equivalent, historically
there has been a preference for using the post formal-
ism for describing (d,p) reactions. One advantage of
using the transition operator in Eq. 3 over using the
one in Eq. 4 is that it lends itself to the approximation
VpA−UpF ≈ 0, which makes it possible to treat the inter-
action between proton and neutron inside the deuteron in
a zero-range approximation [7]. In addition, the Johnson-
Soper model [10], an early description of deuteron strip-
ping and elastic scattering that includes the effects of
deuteron breakup, is formulated in the post form and
makes use of the zero-range approximation. Similarly,
the Johnson-Tandy [11] extension of the model to finite
range uses the post form. One disadvantage of the post
form, however, is that for stripping reactions that popu-
late resonance final states, convergence becomes difficult.
Unlike in the prior case, where contributions from the
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long tails of resonance wave functions are suppressed by
the short-range nature of the interactions in Eq. 4, post
calculations typically have contributions from the reso-
nance wave function at very large distances rnA, due to
the Vpn term.

In both the post and prior formulations, the transition
matrix element can be separated into two parts,

M (DWBA) = Mint(0, a) +Mext(a,∞), (5)

were a refers to the specific value chosen for the coor-
dinate rnA, for which to carry out the separation. The
interior term involves an integration from rnA = 0 to
rnA = a, while the exterior term involves an integra-
tion from rnA = a to very large radii, rnA → ∞. In
Section III, we will illustrate that for typical (d,p) trans-
fer reactions and separation radii roughly equal to the
size of the target nucleus, the main contributions to the
post form matrix element come from the exterior region,
while the prior form matrix element is dominated by in-
terior contributions from further inside the nucleus. This
is significant, as in Ref. [3], it was further demonstrated
that the Green’s theorem can be employed to convert the
post-form exterior matrix element into a surface integral
plus a prior-form exterior matrix element:

M
(post)
ext (a,∞) = Msurf (a) +M

(prior)
ext (a,∞). (6)

The final expression for the full DWBA matrix element
is:

M (DWBA) = (7)

M
(post)
int (0, a) +Msurf (a) +M

(prior)
ext (a,∞).

The same result is obtained if one starts with a con-
sideration of the prior form and expresses the interior
part in terms of a surface integral and remaining contri-

butions from the interior, M
(prior)
int (0, a) = Msurf (a) +

M
(post)
int (0, a).
The interior post term in Eq. 7 involves an integration

over the overlap function IFA (rnA) for small rnA, i.e. it
depends on a model for the nuclear interior. The exterior
prior and surface terms, on the other hand, are related to
the asymptotic properties of the overlap function, as long
as a is outside the boundary of the nuclear potential.

For transfer reactions that populate resonance reac-
tions, this surface formulation is particularly attractive.
In Ref. [3], it was shown that the surface term Msurf (a),
which is evaluated at a specific radius a, can be parame-
terized by quantities that are familiar from traditional
R-matrix approaches, namely a channel radius (here
the separation radius a), logarithmic boundary condi-
tions (here logarithmic derivatives of known Hankel func-
tions), and reduced-width amplitudes (here related to the
asymptotic normalization of the overlap function). Thus,
a useful link between resonance properties and transfer
observables could be established.

A dominant surface matrix element would reduce the
dependence of the cross section calculations on the model
used for the interior portion of the overlap function.

In the next section we investigate the relative contribu-
tions of interior, surface, and exterior terms, for various
target nuclei and at various reaction energies. We will
focus on the DWBA implementation.

III. INTERIOR, SURFACE, AND EXTERIOR
CONTRIBUTIONS TO THE TRANSFER CROSS

SECTION

Transfer cross sections calculated in the DWBA frame-
work are proportional to the square of the full matrix
element M (DWBA) given in Equations 5 and 7. To bet-
ter assess the relevance of the various contributions for
realistic situations, we begin with a full cross section cal-
culation, with model parameters selected to reasonably
reproduce measured (d,p) cross sections. We then re-
peat each cross section calculation with all contributions
other than the term of interest set to zero and compare
the resulting cross section to the full calculation.

This comparison is made in one of two ways: 1) We
compare the peak cross section obtained in the restricted
calculation to that obtained in the full calculation. This
is done when we are interested in the dependence of the
contribution on the separation radius a. In that case we
plot the ratio

RX(a) =
σ̂
(DWBA)
X(a)

σ̂
(DWBA)
exact

, (8)

where σ̂
(DWBA)
exact denotes the peak value of the full cross

section, and σ̂
(DWBA)
X(a) is the peak value of the cross

section obtained by including only the term X(a), for
X(a) = Mint(0, a), Msurf (a), or Mext(a,∞). We con-
sider the first (smallest-angle) peak, as this peak plays
a prominent role in comparisons of calculations with
experimental data. 2) For specific cases of interest,
we also compare the angular behavior of the cross sec-

tion σ
(DWBA)
X(a) to σ

(DWBA)
exact . Focusing in particular on

σ
(DWBA)
Msurf (a)

allows us to assess to which extent the surface

term is able to describe the reaction considered.
In our study, we included target nuclei from differ-

ent mass regions and considered different beam energies.
Here, we present representative calculations for the tar-
get nuclei 20O, 48Ca, and 90Zr. Additional cases (12C,
40Ca, 208Pb) give similar results. For the 90Zr case, we
considered transfer reactions with Ed = 11 MeV [12]. We
calculated cross sections for transfers to the 5/2+ ground
state, the 1/2+ first excited state, and to a narrow f7/2
resonance state that lies about 1 MeV above the neu-
tron separation threshold of 7.195 MeV. For 48Ca, we
studied three different beam energies, Ed = 13, 19.3,
and 56 MeV [13, 14], and considered reactions involv-
ing both the 3/2− ground and first excited 1/2− state
in 49Ca. The 20O(d,p) reaction was recently studied in
inverse kinematics, at equivalent deuteron energy Ed =
21 MeV. Measurements were carried out for transfers to
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two bound states (5/2+ ground state and 1/2+ first ex-
cited state) and two resonance states (a 3/2+ resonance
at Eex = 4.77 MeV and a resonance at Eex = 6.17 MeV,
which has either 3/2+ or 7/2− character.) We carried
out calculations for the two bound states and the two
resonances, considering both spin-parity assignments for
the second resonance.

Finite-range DWBA calculations were carried out with
a modified version of the reaction code Fresco [15] that
allowed setting specific contributions to the transition
matrix element to zero. The Reid Soft-Core potential [16]
was used to describe the deuteron. We used the deuteron-
nucleus optical-model potential by Daehnick [17] and
employed the Koning-Delaroche potential [18] for the
proton-nucleus interaction. Small adjustments to the po-
tential parameters were made to reproduce the elastic
scattering cross section, where available, and to improve
the fit of the full calculations with measured (d,p) cross
sections. The overlap function was approximated by a
single-particle function in a Woods-Saxon well, with a
depth adjusted to reproduce the proper binding energy.

We first consider the separation of the full matrix el-
ement into an interior and an exterior contribution, as
given in Equation 5. Subsequently, we study the sepa-
ration into three terms, given in Equation 7 and discuss
the role of the surface term relative to the other contri-
butions.

A. Interior and exterior contributions: Post vs.
prior formalism

Transfer experiments are often carried out under condi-
tions that presumably make the reaction peripheral, i.e.
they probe the overlap function in the region of the nu-
clear surface. The primary contributions to the transfer
matrix elements should therefore come from rnA values
that are roughly equal to the size of the target nucleus.
Our calculations, however, will illustrate that the impor-
tance of a particular nuclear region depends on the form
(post or prior) chosen. The potential well used for calcu-
lating the one-neutron overlap functions of various states
in 91Zr with the ground state of 90Zr had a radius of 5.53
fm and a diffuseness of 0.66 fm; the rms radius of the
overlap associated with the 5/2+ 91Zr ground state was
4.94 fm.

Figure 1 shows the contributions to the transfer cross
section arising from the interior and exterior terms in
Eq. 5. Results for the post and prior forms are given
in the top and bottom panels, respectively. The ratio
RX(a) of the calculated peak cross section to the peak
cross section obtained in the full calculation, is given as
a function of the separation radius a. As expected, for
small separation radii, the exterior terms contain all cross
section contributions (RMext(a) → 1 for a → 0) and for
very large radii, the interior terms carry the bulk of the
cross section (RMint(a) → 1 for a → ∞). In both post
and prior cases, contributions to the transition matrix

element are very small for radii below 2 fm as well as for
radii above 15 fm, as indicated by curves that are largely
flat in those regions. The interesting region, however, is
where the cross-over from interior-dominated to exterior-
dominated occurs. We observe that this cross-over lies
at much smaller radii when the prior formulation is used
than in the post formulation.

In the post formulation, integration over rnA from 0
out to 7-8 fm yields less than 30% of the peak cross
section, while in the prior formulation such integration
captures over 80% (see post and prior interior contribu-
tions). Similarly, when considering exterior contributions
in the post form, it suffices to integrate from 4-5 fm on
out, while in the prior form contributions from about 2
fm out have to be included. At the same time, the region
beyond rnA ≈ 7-8 fm contribute little in the prior form.

This illustrates that, although the full post and prior
DWBA amplitudes are equal, their behavior is quite dif-
ferent in the subspace over the variable rnA. The prior
formulation is clearly more sensitive to the nuclear in-
terior (and thus to model assumptions about the inte-
rior structure), while contributions from more peripheral
parts of the n + target system dominate the post form.
(The radial shape of the overlap function can be seen in
the upper portion of Figure 2b.) The reason for this be-
havior can be found in the difference in the structure of
the transition operators, Eqs. 3 and 4. For sufficiently
large rnA, the three terms in ∆VdA will cease to con-
tribute to the prior transition matrix element, while Vpn
in ∆VpF can still produce non-negligible contributions to
the post form (VpA and UpF approximately cancel each
other). It is the presence of Vpn in the post-form matrix
element that makes convergence of the radial integrals
difficult when the overlap function IFA describes a reso-
nance [19, 20].

Calculations for (d,p) reactions on other nuclei (C, O,
Ca, Pb) show similar trends for bound states. For reso-
nance states we find reduced contributions from the nu-
clear interior, but additional complications arise, as will
be discussed in Section III B.

B. Role of the surface term

In order to assess whether it is possible to approximate
the (d,p) transfer cross section by a calculation based
solely on the surface term, it is necessary to investigate
the contributions of the three terms in Equation 7 to the
full cross section.

To calculate the terms M
(post)
int (0, a) and

M
(prior)
ext (a,∞), respectively, we set the overlap function

to zero for rnA > a in the first case and for rnA < a
in the second case. The surface term is calculated as
Msurf (a) = M

(prior)
int (0, a) - M

(post)
int (0, a). We discuss

our findings next.
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FIG. 1: (Color online) Examination of the role of interior
and exterior contributions for 90Zr(d,p)91Zr stripping to the
ground state. Shown is RX(a), the ratio of the peak cross
section obtained when only one term (either Mint or Mext)
is included in the transition matrix element in Equation 5 to
the peak cross sections obtained in the full calculation. The
quantity is given as a function of the separation radius a, for
both the post (a) and prior (b) formalisms.

1. 90Zr(d,p)91Zr: Transfers to bound and resonance states

We carried out a set of calculations for 90Zr(d,p)91Zr
that included stripping to the (bound) ground and first
excited states, as well as to a narrow f7/2 resonance at
about 1 MeV above the neutron separation threshold.
The panels in the right column of Figure 2 show the
ratios RX(a) of the peak cross sections obtained in the
restricted calculations to the peak cross section from the
full calculation, as a function of the separation radius
a. Also shown is the radial behavior of the one-neutron
overlap functions I (solid curve with stars) for the three
final states considered; their rms radii are indicated by
dashed vertical lines.

We find that for bound final states, the surface term is
dominant at around 6-8 fm, at radii a little larger than
the rms values of the overlap functions. For the reso-
nance case, panel f), we observe that the surface term is
dominant at slightly larger radii, around 7-10 fm, even
though the overlap function has an rms value that is still

larger, namely 11.7 fm. In addition, the surface term in
the resonance case is non-zero over a wider range of radii
than it is in the bound-state case.

We also observe that the surface term does not fully
account for the cross section. At all separation radii for
which Msurf (a) dominates, there are also remnant con-
tributions from one or both of the other terms, Mint(0, a)
and Mext(a,∞). As a result, the surface term alone does
not completely reproduce the angular behavior of the
cross section. This can be seen in the left column of
the figure, where the cross sections calculated by using
the surface terms only are compared to the full cross sec-
tions (solid curves) for selected separation radii a [24].
The calculated cross sections show some dependence on
the choice of a, and the absence of the other terms is
clearly significant.

2. 48Ca(d,p)49Ca: Energy dependence of the surface term

It is known that with increasing beam energy a re-
action becomes less peripheral and is increasingly af-
fected by the structure of the nuclear interior. This ef-
fect is visible in Figure 3, where results are presented for
48Ca(d,p)49Ca, for populating the ground state of 49Ca,
at three different beam energies, Eb = 13.0, 19.3, and
56 MeV. With increasing energy the region where the
transition from exterior-dominated to interior-dominated
occurs, and where the surface term dominates, shifts to
smaller radii.

The first two cases resemble the Zr example discussed,
with a dominant surface term around a = 6.5 fm and
7.0 fm, respectively, that approximately reproduces the
shape of the full cross section but underpredicts the mag-
nitude. For the highest beam energy considered, Ed = 56
MeV, however, the surface term peaks at smaller radii,
around a = 5.25 fm. In this region, there are sizable con-
tributions from the post-interior and the prior-exterior
terms. The angular behavior of the cross section for this
case also confirms that at this energy, the surface term
does not provide a good approximation to the full cross
section. There is a strong dependence of the shape of the
cross section on the separation radius chosen. Calcula-
tions carried out for transfers to the first excited state in
49Ca give very similar results (not shown). In both cases,
the surface term does not provide a good representation
of the reaction for the higher energies, but shows clear
improvements as one moves to more the moderate ener-
gies Ed = 19.3 and 13.0 MeV.

3. 20O(d,p)21O: Focus on resonances

Achieving convergence for transfer calculations involv-
ing resonances has long been known to be difficult. Nu-
merical convergence in particular is an issue, ambigui-
ties in how to extract structure information (resonance
energies and widths) is another. Various methods have
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FIG. 2: (Color online) Examination of interior, surface, and exterior contributions to the transfer reaction 90Zr(d,p)91Zr.
Compared are several calculations for stripping to the 5/2+ ground state (top panels) the 1/2+ first excited state (middle
panels), and the f7/2 resonance (bottom panels). Left column (panels a, c, e): Angular cross sections calculated from the
surface term only (broken curves) are compared to the full stripping cross section (solid black line) and experimental data from
Ref. [12]. The broken curves illustrate the dependence of the cross section on the choice of the surface radius a. Right column
(panels b, d, f): Fractions RX(a) for the interior (post) term, the surface term, and the exterior (prior) term, are given as a
function of the surface radius, in the lower portion of each panel. The ratios take values between zero and ≈ 2.2 (labels are on
the left axis). The associated one-neutron overlap functions I are shown in the upper portion of each panel (solid curves with
stars). They are given in units of fm−1, labels are on the right axis. The rms radii of the overlaps are indicated by dashed
vertical lines. The potential VnA, which binds the neutron to the 90Zr nucleus, has a radius of 5.53 fm and a diffuseness of 0.66
fm.
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FIG. 3: (Color online) Examination of interior, surface, and exterior contributions for 48Ca(d,p)49Ca. Compared are several
calculations for stripping to the 3/2− ground state, at Ed = 13, 19.3, 56 MeV (top to bottom). Left column (panels a, c,
e): Contributions from the surface term (broken curves) are compared to the full stripping cross section (solid black line), for
various choices of the surface radius. Data are from Metz et al. [13] (13, 19.3 MeV) and Uozumi et al. [14] (56 MeV). Right
column (panels b, d, f): contributions resulting from the interior (post) term, the surface term, and the exterior (prior) term,
are given as a function of the surface radius. The rms radius of the associated one-neutron overlap function is 4.62 fm. The
potential VnA, which binds the neutron to the 48Ca nucleus, has a radius of 4.54 fm and a diffuseness of 0.65 fm for Ed = 13
and 19.3 MeV, and a radius of 4.62 fm and a diffuseness of 0.67 fm for the 56 MeV case. Results for transfers to the 1/2− first
excited state in 49Ca are very similar, but are not shown here.

been suggested to achieve numerical convergence [19, 21],
but their implementation in modern reaction codes is in-
complete. Here we investigate to which extent the sur-
face term is able to reproduce the full cross sections
for several resonances. A surface term that captures
the essentials of the reaction would reduce the depen-

dence of the calculated cross section on terms that con-
tain slowly-converging radial integrals. Furthermore, it
would provide strong motivation for the implementation
of the formalism within the framework of the Continuum-
Discretized Coupled-Channels (CDCC) approach, as the
prior term is identically zero in that case [3].
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We focus on the 20O(d,p)21O reaction, which was re-
cently investigated in inverse kinematics with a radioac-
tive beam [22]. This is one of very few cases where an-
gular cross sections for both bound and resonance states
have been measured in the same experiment. Using a
10.5/u MeV 20O beam, it was possible to obtain angular
cross sections for one-nucleon transfers populating the
bound ground and first excited states, as well as reso-
nances at 4.77 MeV and 6.17 MeV (lying 0.96 MeV and
2.36 MeV above threshold, respectively).

We have carried out calculations for (d,p) reactions
populating these four final states in 21O. We adopted
the recommended spin-parity assignments from Ref. [22],
namely 5/2+ and 1/2+ for the ground and first excited
states, respectively, and 3/2+ for the resonance at Eex =
4.77 MeV. Since there is some ambiguity as to whether
the resonance at Eex = 6.17 MeV has 3/2+ or 7/2− char-
acter, we considered both possibilities. As in the Zr and
Ca cases, we carried out full calculations and reproduced
the measured cross sections. We then studied the contri-
butions from the interior post, surface, and exterior prior
terms as a function of the separation radius a.

For (d,p) transfers to the two bound states, we found
results (not shown here) that are qualitatively similar to
those shown in Figure 2 for the Zirconium case. The
surface terms peak around a = 5 fm and the shape of the
full cross section is reproduced by the surface term only,
with the overall magnitude being too small by about 20-
40%.

Calculations for the resonances were more challenging.
This was expected, since these were carried out in the
traditional DWBA approach that does not make use of
any simplifications that the surface approach might of-
fer. The one-neutron overlap functions associated with
the resonances exhibit oscillations that decline in ampli-
tude only very slowly with increasing radial coordinate,
as seen in Figure 4. As a result, there are contributions
to the post-form matrix element (Eq. 1) from far outside
the nucleus that have to be taken into account, while con-
tributions from large distances to the prior-form matrix
element (Eq. 2) are suppressed by the transition operator.
Naturally, this does not only affect the full calculations
(when carried out in the post formalism), but also the
calculations of the post-interior contributions, as can be
seen in Figure 5. Even for separation radii a = 20 fm,
we find that the ratio RMint(0,a) for the interior-post cal-
culation does not approach unity. To reach this limit,
integration out to very large radii (on the order of 100
fm) is required. The prior calculation does not require
integration to such large distances, as the interactions in
∆VdA (Eq. 3) cease to contribute to the transition ma-
trix element at much smaller radii. The full cross section
calculation shown here, were calculated in the prior form.

Despite the convergence challenges, a region around
rnA ≈ 4 − 7 fm can be identified for which both prior-
exterior contributions and post-interior contributions are
small. We calculated the surface term and the associated
(d,p) cross sections for several values of a in this region, to

test to which extent the surface term is able to reproduce
the full cross section. As in the the Zr and Ca cases, we
find that the cross sections calculated from the surface
term only do not reproduce the full cross sections. The
discrepancies are an indication that the remaining terms
cannot be completely neglected.

The comparisons of the surface cross sections with the
full cross sections are shown in panels b, d, and f of Fig-
ure 6 in the next section. There we also discuss an option
for improving on the surface-term-only approximation to
the (d,p) stripping cross section.
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FIG. 4: (Color online) Radial behavior of the one-neutron
overlap functions associated with three resonances in 21O (in
fm−1). The resonance energies are indicated in the figure.
For the resonance at 6.17 MeV we consider two possible spin-
parity assignments.
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FIG. 5: (Color online) Examination of interior, surface, and
exterior contributions for transfers to resonance states in 21O.
Contributions resulting from the interior (post) term, the sur-
face term, and the exterior (prior) term, are given as a func-
tion of the surface radius. Cross section results are shown
for the 3/2+ resonance at 4.77 MeV (a) and the 6.17 MeV
resonance, assuming a 3/2+ state (b), or a 7/2− (c). The
associated overlap functions are shown in Figure 4. The po-
tential VnA, which binds the neutron to the 20O nucleus, has
a radius of 3.39 fm and a diffuseness of 0.65 fm.
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C. Beyond DWBA: Expectations for a CDCC
implementation

In the previous section we studied the contributions
from the interior-post, surface, and exterior-prior terms
to the (d,p) cross sections for several target nuclei. In
all cases, for both bound and resonance final states, we
found that the surface term gives the dominant contribu-
tions, provided a separation radius is chosen that is in the
region of the nuclear surface. When comparing to exact
calculations of the cross sections, however, we also found
that significant strength is missing, which indicates that
the residual terms cannot be neglected. In the region
where the surface cross section peaks, we find contribu-
tions from both the interior-post and the exterior-prior
terms.

A possible path forward for practical applications is
to select a separation radius a that is slightly smaller
than the radius corresponding to the peak of the surface
term. This will minimize contributions from the post-
interior term, thus removing the need for a model for
the one-nucleon overlap function in the nuclear interior.
With a decrease in the surface radius comes an increase
in the contribution from the prior-exterior term. Taking
this term explicitly into consideration is necessary for
achieving a proper description of the cross section in the
DWBA approach tested here.

We illustrate the effect of including this term in Fig-
ure 6, where we compare the surface-only cross sections
(dashed curves) and the surface-plus-post-interior cal-
culations (dash-dotted curves) to the exact calculations
(solid lines), for the 21O resonances discussed in the pre-
vious section. Available experimental data are shown as
well. The surface calculations shown in the right col-
umn (panels b, d, f) were calculated with separation
radii a = 5.5 fm, 5.5 fm, and 5.0 fm, for a 3/2+ res-
onance at 4.77 MeV, a 3/2+ resonance at 6.17 MeV,
and a 7/2− resonance at 6.17 MeV, respectively. These
choices for the radius a coincide with the maxima of the
surface contributions shown in Figure 5. As mentioned
above, the curves fall clearly short of reproducing the
full cross section. Also shown are calculations that con-
tain both surface and prior-exterior contributions (dash-
dotted curves). We observe a slight improvement in the
agreement with the exact calculation, but additional con-
tributions (from the post-interior term) would be needed
to achieve satisfactory agreement.

Moving the separation radius to smaller values, how-
ever, improves the situation, as a comparison between the
right and left columns shows. In panels a), c), e) we com-
pare the surface-only results (dashed curve) and the sur-
face plus interior-prior results (dash-dotted curve) to the
full calculation (solid line). The radii are selected to be
0.5 fm smaller than in the right column. While this shift
in a reduces the surface-only cross section, it increases
the cross section arising from the the exterior-prior term,
with the sum giving a much better approximation to the
exact cross section. When moving to smaller radii, which

improves the agreement of the surface-plus-prior-exterior
approximation with the exact result, care must be taken
to remain at a radius a for which the nuclear potential
VnA can be approximately neglected. In the present case,
the potential binding the neutron to the 20O target has
fallen to 15% of its maximum strength at a=4.5 fm and
to 8% of its strength at a=5.0 fm.

In the CDCC version of the surface-integral formalism
the prior-exterior term, which we included here explicitly,
no longer appears and we have [3]:

MCDCC = M
(post)
int (0, a) +Msurf (a) . (9)

This statement applies when the CDCC wave function
ΨCDCC is used in the entrance channel. In this case,
ΨCDCC describes the three-body dynamics between the
neutron, proton, and target nucleus, including both the
bound deuteron state and deuteron breakup components.
The CDCC extension of the formalism considered here
thus includes the prior-exterior contributions which we
added explicitly in the DWBA calculations. We expect
the surface-integral description in the CDCC form to give
results similar to the ones shown in Figure 6 by the dot-
dashed curves.

Instead of moving to smaller surface radii, one might
consider to increase a and include explicitly the contribu-
tions from the post-interior term. A test of this strategy
(not shown) indicates that this as well leads to improve-
ments in the calculated cross section. The drawback of
this latter approach, however, is that it requires a model
for the one-nucleon overlap function in the nuclear inte-
rior. It will still be an improvement over the traditional
calculations, since i) the interior contribution, and thus
the model-dependence, of the cross section is reduced,
and ii) the dominant part of the cross section can be
parameterized in terms of useful spectroscopic quanti-
ties. We expect these arguments to carry over to the
CDCC implementation of the theory. An extension of
the present work that will make this possible is under-
way.
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FIG. 6: (Color online) Improvements to the surface-term-only approximation can be achieved by including contributions from
the prior-exterior term and selecting a small surface radius. Panels b), d), f) compare the surface-only results (dashed curve)
and the surface plus interior-prior results (dash-dotted curve) to the full calculation (solid line) and to experimental results, for
three different resonance cases in 21O. The calculations were carried out at surface radii that coincide with the maxima of the
surface contributions shown in Figure 5, specifically b) a = 5.5 fm for a 3/2+ resonance at 4.77 MeV, d) a = 5.5 fm for a 3/2+

resonance at 6.17 MeV, and f) a = 5.0 fm for a 7/2− resonance at 6.17 MeV. The left column shows the effect of decreasing the
surface radii by 0.5 fm. Results are shown for the same three resonance cases. Cross sections arising from the surface term are
seen to decrease, but cross sections associated with the sum of the surface and the prior-exterior term show better agreement
with the exact results.
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IV. SUMMARY AND OUTLOOK

Experimentally, resonance structures are most often
studied in elastic and inelastic scattering reactions. In
this context, the phenomenological R-matrix approach
has been extremely useful for the interpretation of exper-
iments and for extracting resonance energies and widths
from measured cross sections [4, 5].

A formalism that makes use of R-matrix ideas and is
applicable to (d,p) transfer reactions, was recently pro-
posed [3] with the goal to provide a practical way for ex-
tracting structure information from transfer experiments.
In this approach, the transfer amplitude, a volume inte-
gral, was reformulated in terms of a surface integral plus
(presumably small) remnant terms that contain contri-
butions from the interior and exterior of the final nu-
cleus. The formalism has a series of significant advan-
tages over traditional calculations for cases where the
surface-integral dominates the associated cross section.

We investigated the proposed approach for various iso-
topes in different mass regions, and for a variety of beam
energies. In particular, we studied the separation of the
transition matrix element into the three terms suggested
in Ref. [3] and determined their contributions to the total
transfer cross sections.

We find that the surface term is dominant in the re-
gion where one expect it to be strong, near 5-7 fm for
bound states, and at slightly larger radii for resonance
states. At all radii there are also contributions from the
post-interior and/or prior-exterior terms. As a result,
the surface term does not completely reproduce the ex-
act cross section. For low to moderate energies (below
about Ed ≈ 20 MeV), the shape of the cross section is
reproduced, but the magnitude differs, by as much as
30-50%. It is clearly necessary to include additional con-
tributions.

Possible remedies include increasing the surface radius,
which leads to improved cross sections, at the expense of
having a model-dependent contribution from the nuclear
interior (albeit one that is smaller than the model de-
pendence in traditional calculations). Alternatively, one
can decrease the chosen surface radius. In the DWBA
implementation of the method, this will require the ex-
plicit inclusion of external (prior) contributions, while
these external contributions are automatically accounted
for in the CDCC extension of the approach.

If the latter strategy is followed, the surface-integral
approach has potentially very significant advantages over
conventional calculations: 1) It removes the dependence
of the cross section calculations on the model used for
the nuclear interior. 2) At the same time, the calcu-
lations do not suffer from convergence issues. 3) The
method establishes a useful link between resonance prop-
erties and transfer observables, since the cross section
obtained from the surface integral can be parameterized
in terms of quantities that are familiar from traditional
R-matrix approaches. The strategy is constrained by the
requirement that a be outside the nuclear potential VnA

and can thus only be employed for peripheral reactions.
Since the Continuum-Discretized Coupled-Channels

(CDCC) formalism describes both transfers and breakup,
an extension of the present work is worthwhile exploring.
Questions that have to be addressed in this context in-
clude: a) For which range of the surface radius a can
we obtain a good description of the reactions based on
the surface term alone? b) Will the range of applica-
bility of the approach be useful for experimental con-
ditions in typical radioactive-beam experiments, and c)
Will breakup and elastic scattering be well described in
the same formalism? Work on a CDCC implementation
of the surface-integral formalism, which will make it pos-
sible to address these questions, is underway.
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